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Overview of the talk

Cryogenic refrigerators
Ideal MPC

Real-Time MPC
Trade-offs

MPC certification
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The illustrative Process: Cryogenic Refrigerators

Inner Poloidal field coils
(Primary transformer circult)

Poloidal magnetic field Outer Poloidal field coils.
(for plasma positioning and shaping)

Why?

Provide refrigeration capacity to cool
down the supra-conducting coils
v used to accelerate the plasma in

i FliTision || skt Nuclear Fusion Reactors (ITER, JT60)

Plasma electric current Toroidal magnetic field
(secondary transformer circuit)

Source: https://www.euro-fusion.org
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Cryogenics

The illustrative Process: Cryogenic Refrigerators

How?

Force a thermodynamic fluid to
make a counter-clock cycle in the
(S, T)=(Entropy, Temperature) plan.

s /dQ:/Td5+/ TdS
C1 Ca
>0 <<0
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The illustrative Process: Cryogenic Refrigerators

How?

Supereritiqud
10 ¢

Force a thermodynamic fluid to
make a counter-clock cycle in the
Te=52K (S, T)=(Entropy, Temperature) plan.

Liquide
(HE 1)

1| Superfluide
(HE 2)

Point Critique

Pression (bar)

Point Lambda
« 217 K

nm” 1 ) II‘:; [-’“Hlm 5 3 = /dQ = / Tds ‘I‘/ Tds
Température (K) C C
\_iv__/ \_iv__/

Source: F. Bonne PhD (2014).

>0 <<0
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The illustrative Process: Cryogenic Refrigerators

How?

Compression

Température

Force a thermodynamic fluid to
make a counter-clock cycle in the
(S, T)=(Entropy, Temperature) plan.

/dQ:/ TdS-l-/ TdS
C1 C2

>0 <<0

Entropic

Chauffage

Source: F. Bonne PhD (2014).
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Cryogenics

The illustrative Process: Cryogenic Refrigerators

Compression

How?

Force a thermodynamic fluid to
make a counter-clock cycle in the
(S, T)=(Entropy, Temperature) plan.

/dQ:/ TdS-l—/ TdS
C1 C2

>0 <<0

7 Chauffage

Source: F. Bonne PhD (2014).
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Cryogenics

The illustrative Process: Cryogenic Refrigerators

Source: F. Bonne PhD (2014).
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How?

Force a thermodynamic fluid to
make a counter-clock cycle in the
(S, T)=(Entropy, Temperature) plan.

/dQ:/ TdS—I-/ TdS
C1 Co

>0 <<0

=] (=)
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The illustrative Process: Cryogenic Refrigerators

9D

Why MPC?

w0Epg

[&

TSN

NC Ry
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The illustrative Process: Cryogenic Refrigerators

9D

Why MPC?

» State constraints

TSN

NC Ry
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Cryogenics

The illustrative Process: Cryogenic Refrigerators

Why MPC?

[&

» State constraints

» Control Saturation

18
@

NRap
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The illustrative Process: Cryogenic Refrigerators

Why MPC?

w0Epg

» State constraints

» Control Saturation

» Coupled dynamics

» Inverse response

NC Ry
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MPC Ideal Formulation Implementation Stability Condition

Ideal Framework: Recalls & Basic Notations

present prediction horizon
Xk
J(p, k)
ti o+ T t
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MPC Ideal Formulation Implementation Stability Condition

Ideal Framework: Recalls & Basic Notations

present prediction horizon
X 4 J(P, xk) min J(p,xk) s.t. C(p,xx) <0
P
Pr = P(x«)
ti o+ T t
Z/[( ﬁ)k)
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MPC Ideal Formulation Implementation Stability Condition

Ideal Framework: Recalls & Basic Notations

present prediction horizon

Xk+1

Xk .r J(Prs xk) Empin J(p,xk) s.t. C(p,xk) < 0]

ti tht1 tk+ T t
U, B) EApply U(-, p(x«)) during Tu]
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MPC

Ideal Formulation Implementation Stability Condition

Ideal Framework: Recalls & Basic Notations

present

prediction horizon

Xk+1

mPin J(p, xk+1) s.t. C(p,xk+1) <O

te + T

~Y
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MPC

Ideal Formulation Implementation Stability Condition

Ideal Framework: Recalls & Basic Notations

present prediction horizon

1
1
I
: Xk+1

Empin J(p, xk+1) s.t. C(p,Xk41) < 0}

Initialize

at p; (hot start)

Ty Tt te+T

~Y

E.bk—i-l = ﬁ(xk+1)]
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MPC

Ideal Formulation Implementation Stability Condition

Ideal Framework: Recalls & Basic Notations

present prediction horizon

Xk+1

Empin J(p, xk+1) s.t. C(p,Xk41) < 0}

Initialize

at p; (hot start)

Ty Tt te+T

> E.bk—i-l = f?(Xk+1)}

J(Prr1,xkr1) < Sy xsi1)
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MPC Ideal Formulation Implementation Stability Condition

Ideal Framework: Recalls & Basic Notations

present prediction horizon

Xk+1

Empin J(p, xk+1) s.t. C(p,xk41) < 0}

Initialize | at p; (hot start)

> E.bk—i-l = f?(Xk+1)}

J(Prt1s Xk+1) < (P %ker1)
J(by s %k11)=I(Pr, xk) — @+ @

>
>
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MPC Ideal Formulation Implementation Stability Condition

Ideal Framework: Recalls & Basic Notations

present prediction horizon

Xk+1

Empin J(p, xk+1) s.t. C(p,xk41) < 0}

Initialize | at p; (hot start)

Eﬁk—i—l = ﬁ(xk+1)]

th thil t

L oxe)=J(pr.xk) — @+ @
>
> <07

J(Pry1, Xu41) <SPy %k 1)
J(p
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MPC Ideal Formulation Implementation Stability Condition

Ideal Framework: Recalls & Basic Notations : :
\
In the ideal framework, when
the horizon moves, the hot
start f)/f computed from the pre-
vious optimal solution py satisfies:

present prediction horizon

Xk+1

J(B s xk+1) £ J(Pr, Xk )

<Ly Mayne et al. Automatica (2000)

L oxe)=J(pr.xk) — @+ @
>
<07?

J(Pry1, Xu41) <SPy %k 1)
J(p

>
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MPC Ideal Formulation Implementation Stability Condition

Ideal MPC: The key assumptions

\

In the ideal framework, when
the horizon moves, the hot
start p, computed from the pre-

vious optimal solution py satisfies; | » Formulation involving Final

constraints

A4 A
J(Bye s Xk+1) < J(Pres X)) » by sufficiently good

<Ly Mayne et al. Automatica (2000).

- J
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MPC Ideal Formulation Implementation Stability Condition

Ideal MPC: The key assumptions

\

In a realistic framework, when
the horizon moves, the hot start
p, computed from the previous

solution py satisfies: » Formulation involving Final

constraints

+ _
J(pye s Xk+1) = J(pis xic) + D(74) » by sufficiently good

D(0) =0
D(7y) is not necessarily < 0.
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MPC Ideal Formulation Implementation Stability Condition

Ideal MPC: The key assumptions

\

In a realistic framework, when
the horizon moves, the hot start
p, computed from the previous
solution py satisfies:

Even with perfect

J(pj.xkvl) — J(px, xk) + D(7) undisturbed model

D(0) =0
D(7y) is not necessarily < 0.
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MPC Ideal Formulation Implementation Stability Condition

Preparation & Feedback Steps

prediction horizon

Xk—1@
Tu

.

tk—1 ty te + T
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MPC Ideal Formulation Implementation Stability Condition

Preparation & Feedback Steps

1. Predict X

prediction horizon 2. During [tk_1, t]

s Opx
Comput d X
ompute p(%) [and —5 7]

p X (predicted)

Xk—14
Tu

.

tk—1 ty te + T
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MPC Ideal Formulation Implementation Stability Condition

Preparation & Feedback Steps

o _ 1. Predict X
prediction horizon 2. During [tk_1, t]
. oo
C te p d —
ompute p(%) [and —5 7]
Xk
0x] Xy (predicted) 3. Once x is available:
R o Opx
Xk—1¢ Pr + p(Xk) + [8711} - Ox
Tu
k-1 tk b+ T t
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MPC

Preparation & Feedback Steps

prediction horizon

Ideal Formulation Implementation Stability Condition

1. Predict X

)

Xk
X)  (predicted)

Xk—14¢

Tu

2. During [tx—1, tk]
s Pk
Compute p(Xx) [and 8—]

X

(preparation step)

3. Once x is available:
b

8x} 10

P P& + |

> (feedback step)

tk—1

ti

+
tk + T‘q Diehl et al. SIAM J. Ctrl and Opt. (2005)
<y Zavala and Biegler. Auomatica (2009)
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Definition of Fast NMPC Problems

MPC

prediction horizon

Xk
6xi X (predicted)
Xk—14¢
Tu
tk—1 tk e+ T

t

Ideal Formulation Implementation Stability Condition

T, is the time between two
control updating

Ty is the time during which there
is no feedback

max
=Ty <7,



MPC Ideal Formulation Implementation Stability Condition

Definition of Fast NMPC Problems

T, is the time between two
control updating

prediction horizon T, is the time during which there
is no feedback

5 Xk =7, < T

Xi X) (predicted)
Fast NMPC Problems

Xk—16
Ty Fast NMPC problems are
those for which
-1 tx t+T t

Tsolve (NLP()N(k)) > T

u
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Ideal Formulation Implementation Stability Con

The lterative Process

prediction horizon

J(Pr—1,%k—1)®

Tu

tk—1 tk tk+T t
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Ideal Formulation Implementation Stability Condition

The lterative Process

prediction horizon

J(p;ﬁl.Xk) P;71 hot start ——> p;((O)

J(Pr—1,%k—1) 9

¢ P = Pr(xx)

Tu

tk—1 tk tk+T t
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Ideal Formulation Implementation Stability Condition

The lterative Process

prediction horizon

p;71 hot start ———> p;((O)

(i4+1) () 3
S(pﬁo) %) -1 pf) p — S(p'"), %)

J(p;,l- Xk)

J(Pr—1,%k—1) 9

¢ P = Pr(xx)

Tu

tk—1 tk tk+T t
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Ideal Formulation Implementation Stability Condition

The lterative Process

prediction horizon

T1
J(p;ﬁl.Xk) P;71 hot start ——> p;((O)
i1 5
) plitL) S(P(’)axk)

P
J(Pr—1,%k-1)1 @)

Pk § ™ Py

¢ br = Pr(xx)
Tu

tk—1 tk tk+T t
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MPC Ideal Formulation Implementation Stability Condition

The lterative Process

prediction horizon

J(p;71-xk) Py_p hot start ——— p;((O) s

J(Pr—1,%k—1) 9
Pe¥— S(p %) 1 i

Tu

te—1  tk e+ T
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MPC Ideal Formulation Implementation Stability Condition

The lterative Process

prediction horizon

J(p;ﬁl.xk) Pj_q hot start — > p;((O)

J(Pr—1,%k—1) 9

¢ P = Pr(xx)

Tu

tk—1 tk tk+T t

dynamic equation for p

pe = SO(p %k 1)
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MPC Ideal Formulation Implementation Stability Condition

Sufficient Conditions of Success

prediction horizon

T1:T1
(P> %K) s b D, hot start — > p1(<0)
[ ]
fpec ) Pk J(Pk; Xk)
® Dk = Pr(xk)
Tu
tik—1 ty T >t
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MPC Ideal Formulation Implementation Stability Condition

Sufficient Conditions of Success

prediction horizon

T1:T1
J(Py_1: %) s D)y hot start — p’(<0)
| D(7,)
J(Pr—1,%k—1) e J(pk, k)
® P = Pr(xx)
Tu
tk—1 ti b+ T t
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MPC Ideal Formulation Implementation Stability Condition

Sufficient Conditions of Success

prediction horizon

T1:T1
J(Py_1: %) s D)y hot start — p’(<0)
| D(7y) ES(TU)
J(Pr—1,%k—1) e ¥> J(pr: x«)
® P = Pr(xx)
Tu
tk—1 ti b+ T t
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MPC Ideal Formulation Implementation Stability Condition
Sufficient Conditions of Success Success Conditions

Good choice of (S, 7,):

—ES(1,)+D(7) < 0

prediction horizon

T1T1
J(p,jil.xk) ---------- 'p/jfl hot start —¢
o D(Tu)
J(Pk—1,Xk—1
( ) Pk > J(pr: xk)
¢ Pk = Pr(x«)
Tu
te—1 ti tk+ T t

M. Alamir, Process Control'15, Slovak Republic, June 2015 On Trade-offs Governing RT-Implementation of MPC 11 / 37



MPC Ideal Formulation Implementation Stability Condition
Sufficient Conditions of Success Success Conditions

Good choice of (S, 7,):

ES(TU) > D(14)

prediction horizon

T1T1
J(p,jil.xk) ---------- 'p/jfl hot start —¢
o D(Tu)
J(Pk—1,Xk—1
( ) Pk > J(pr: xk)
¢ Pk = Pr(x«)
Tu
te—1 ti tk+ T t
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Ideal Formulation Implementation Stability Con

Closed-Loop Evolution of the Cost Function

J(p,x)

M. Alamir, Process Control'15, Slovak Republic, June 2015 On Trade-offs Governing RT-Implementation of MPC 12 / 37



Ideal Formulation Implementation Stability Condition

Closed-Loop Evolution of the Cost Function

J(p,x)

8(2) (p;:_laxk)

M. Alamir, Process Control'15, Slovak Republic, June 2015 On Trade-offs Governing RT-Implementation of MPC 12 / 37
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MPC Ideal Formulation Implementation Stability Condition

Closed-Loop Evolution of the Cost Function
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MPC Ideal Formulation Implementation Stability Condition

Closed-Loop Evolution of the Cost Function

J(p,x)

1. No finite escape time

2. ldeally stabilizing NMPC
formulation

3. Good choice of (S, 7y):

—ES(1,)+ D(7,) < O

J
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Trade-offs Which solver? Which updating strategy?

Reminder

ES(1,) > D(1y)
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Trade-offs Which solver? Which updating strategy?

Reminder

ES(1,) > D(1y)

D(Tu) N ES(TU) ~N
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Trade-offs Which solver? Which updating strategy?

Reminder
ES(TU) > D(7,)
D(Tu) N ES(TU) ~N
Tu

>
>

> D(7u) = J(p".x7) = J(p.x)
» D(0) =0, D(ry) can be >0
» 7, € [0, 7]%]

s Independent of the solver §

J\ J
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Trade-offs Which solver? Which updating strategy?

Reminder

ES(1,) > D(1y)

D(Tu) N ES(TU) ~N

3y

u
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Trade-offs

Reminder

Which solver? Which updating strategy?

ES(1,) > D(1y)

ES(TU)

\

> ES(ry) = J(p©,x)—J(p°), x)

v

q° = int(1,/17)

v

Tig time for a single iteration

Twe{l,2,.. .} x 1

\4
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Trade-offs Which solver? Which updating strategy?

ES(1,) > D(1,)?
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Trade-offs Which solver? Which updating strategy?

ES(1,) > D(1,)?

ESl(TU)

ES2(TU)
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Trade-offs Which solver? Which updating strategy?

Key properties of a solver

ES(r), D(ru) Keep in Mind N

It is sometimes better to choose a
less efficient? solver with shorter
ESi(r,) preparation step duration 7.

ES2 (T“)

“per iteration

N J
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Trade-offs Which solver? Which updating strategy?

Key properties of a solver

ES(r), D(ru) Keep in Mind N

It is sometimes better to choose a
less efficient? solver with shorter
ESi(r,) preparation step duration 7.

ES2 (TU)

“per iteration

N J

Gradient-based studies
/\/@ Bemporad and Patrinos (2012), Jones et al. (2012), MA (2013).
Heuristics for second order methods

/\/l Bock et al. SIAM (2007)
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Trade-offs Which solver? Which updating strategy?

Back to Cryogenics
After linearization:

( A Xk4+1 = AXk + B :/l;
e = Cxx+D i
Wi

= J

Source: Fr. Bonne PhD defense
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Trade-offs Which solver? Which updating strategy?

Back to Cryogenics
After linearization:

( A Xk4+1 = AXk + B :/l;
e = Cxx+D i
Wi

v\
@ /\
M
=
4, &
Ny
- J

Source: Fr. Bonne PhD defense
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Trade-offs Which solver? Which updating strategy?

Back to Cryogenics
After linearization:

s N Xk+1 = AXk—l—B(Uk)
Wk

_ Uk
e = Cxx+D (Wk>

Constraints are bounds on the
state and control components

s
@

(affine in u)

TSN

NOR;

)
B

= J

Source: Fr. Bonne PhD defense
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Trade-offs

Back to Cryogenics

Which solver? Which updating strategy?

After linearization:

J

u
Xk+1 = Ax, + B (Wl;)

_ Uk
e = Cxx+D (Wk)

Constraints are bounds on the
state and control components

(affine in u)

4

Source: Fr. Bonne PhD defense

M. Alamir, Process Control'15, Slovak Republic, June 2015

QP problems to be solved at
each updating period

On Trade-offs Governing RT-Implementation of MPC 16 /



Trade-offs

Back to Cryogenics

Which solver? Which updating strate,

s

202G

N
L)

—/

=

NC Ry

» Qutput Turbine temperature
must be higher than some
threshold to avoid solid
droplets

TN

Source: Fr. Bonne PhD defense

The helium bath level must

remains between a lower and
an upper bound to avoid

extreme situation
M. Alamir, Process Control'15, Slovak Republic, June 2015

= Ymin < Yk < Ymax

(=] = =
On Trade-offs Governing RT-Implementation of MPC 17



Trade-offs Which solver? Which updating strategy?

Back to Cryogenics

» Valves opening is constrained
between 0 and 100%

» Speed of valve opening is also

limited
v‘
(¥)

Umin < o7% < Umax
oug ) —

5

TSN

0 min (5max

Source: Fr. Bonne PhD defense

M. Alamir, Process Control'15, Slovak Republic, June 2015 On Trade-offs Governing RT-Implementation of MPC 1



Trade-offs Which solver? Which updating strategy?

Back to Cryogenics

Degrees of freedom:

p=ug = (Uk U1 --- Uk+Np—1)

Cost function:

v\
2] “9 J(p,Xk Z ”Xk-‘rl XT—LHQ
Np—1
3 i) — w3

TSN

Source: Fr. Bonne PhD defense
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Which solver?

Back to Cryogenics: The QP-OASES Solver

qpOASES User’s Manual

Version 3.0beta (April 2014)

Hans Joachim Ferreau et al.!
ABB Corporate Research, Switzerland
support@qpOASES . org

Tpast and present qpOASES developers and contributors in alphabetical order: Eckhard Arnold,
Alexander Buchner, Holger Diedam, Hans Joachim Ferreau, Boris Houska, Christian Kirches, Manuel
Kudruss, Aude Perrin, Andreas Potschka, Milan Vukov, Thomas Wiese, Sebastian F. Walter, Leonard
Wirsching

Process Control'15, Slovak Republi



Trade-offs Which solver? Which updating strategy?

Back to Cryogenics: Results

62 12
= 61 11
Z 60 10
2 i (
Z 59 . 0
= 3
= 600 1,000
- 300
g 400 600
£ 500 400
o 200
O 0 0

0 20 40 60 80 100 120 0 20 40 60 80 100 120

temps (min) temps (min)
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Trade-offs Which solver? Which updating strategy?

Back to Cryogenics: Results

Soft constraints
62 \ o 12

= 61 11

Z 60 10

2 i (

Z 59 . 0

= 3

= 600 1,000
- 300
g 400 600
£ 500 400
o 200
O 0 0

0 20 40 60 80 100 120 0 20 40 60 80 100 120
temps (min) temps (min)
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Trade-offs Which solver? Which updating strategy?

Back to Cryogenics: Results

Soft constraints Up to 800-1000 iterations !
62 / \ 12 /|
= 61 11
£ 60 10
= : 9
Z 50 o
= 8
—~ 600 . 1.000 /< l
< 800
g 400 600
= 200 400
= 200
S 0 0
0 20 40 60 80 100 120 0 20 40 60 80 100 120
temps (min) temps (min)
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Trade-offs Which solver? Which updating strategy?

Back to Cryogenics: Results

Soft constraints Up to 800-1000 iterations !
62 \ — 12 /|
— P <
= 61 zu
60 £ 10
o = (
Z 59 =09
= 8
= 600 , 1,000 /< l
Z 2 800
g 40 Z 600
Z 200 = 400
- 2200
T 0 < 0
0 20 40 60 80 100 120 0 20 40 60 80 100 120

temps (min) temps (min)

n,=34+2x2=7

Is it real-time compatible ? N, = 100 — n, = 700 !!

M. Alamir, Process Control'15, Slovak Republic, June 2015 On Trade-offs Governing RT-Implementation of MPC 20 ,



Trade-offs Which solver? Which updating strategy?

Back to Cryogenics: Reducing the problem's complexity

The cost of a single iteration depends on:

» The number of decision variables n, (dimension of p)

» The number of constraints 1. (number of line in A)

Amplitude
o
R

— Séquence de commande

2 © Instants de décisions
PTo s e v owow Checking constraints only at
Using linear interpolation: some chosen instants

np : 700 — 49 nc : 1000 — 98

On Trade-offs Governing RT-Implementation of MPC 21 / 37
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Trade-offs Which solver? Which updating strategy?

Back to Cryogenics: Simulation of the reduced dimensional formulation

62 12
= 61 11
£ 60 10
o (
Z 59 )
N
= 600 L, 150
= 3
= 400 < 100
=200 = 50
> 0 “ 0
0 20 40 60 80 100 120 0 20 40 60 80 100 120
temps (min) temps (min)

Results with the reduced dimensional parametrization

M. Alamir, Process Control'15, Slovak Republic, June 2015 On Trade-offs Governing RT-Implementation of MPC 22 / 37



Trade-offs Which solver? Which updating strategy?

Back to Cryogenics: Simulation of the reduced dimensional formulation

62 — 12
— <
= 61 L u
Z 60 £ 10
2 = 9
Z 59 )
= 8
— 600 % 1.000
Z 2 800
g 400 600
:_‘—_’ 200 | = 400
B = 200
o 0 < 0
0 20 40 60 80 100 120 0 20 40 60 80 100 120
temps (min) temps (min)

Results with the original parametrization
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Trade-offs Which solver? Which updating strategy?

Back to Cryogenics: Real-Time Considerations

PCXN

Slowing factor ~ 4000
1 qpOASES iter (Pentium) =~ 120us
: 1 qpOASES iter (PLC) ~0.48 s
\ Sampling period =5s
Schneider TSX premium PLC
2 D
S 102 . .
2 Only 10 iterations of QP-OASES
L) can be performed during the sam-
© —e— 15-2520M (1) K i
20 40 60 8 100 120 pling period

Size of the problem

Time needed for a Cholesky
factorization

M. Alamir, Process Control'15, Slovak Republic, June 2015 On Trade-offs Governing RT-Implementation of MPC 23 / 37



Trade-offs Which solver? Which updating strategy?

Back to Cryogenics: Results with interrupted QPOASES solver

Iurbine (K

Niveau (%)

600 5 060
400 —l——-l-—
200 |

50 52.5 55

ms

ot
)
o

55 57.5 60

temps (min) temps (min)

QPOASES limited to 10 iterations
QPOASES without interruption

Source: Fr. Bonne PhD defense
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Trade-offs Which solver? Which updating strategy?
What happened?

Typical behavior of active set solvers

35

30

25 .
20 -
15
10

Constraints violation indicator

0 20 40 60 80 100

Number of iterations

Source: Fr. Bonne PhD defense
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Trade-offs Which solver? Which updating strategy?

What happened?

Typical behavior of active set solvers

35

Constraints violation indicator

0 20 40 60 80 100

Number of iterations

Source: Fr. Bonne PhD defense
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Trade-offs Which solver? Which updating strategy?
What happened?

Typical behavior of active set solvers
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30
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Constraints violation indicator

5. .
less efficient
OO 20 40 60 80 100

Number of iterations
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Trade-offs Which solver? Which updating strategy?
What happened?

Typical behavior of active set solvers
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less efficient
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Number of iterations
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Trade-offs Which solver? Which updating strategy?

What happened?

Typical behavior of active set solvers

35 :
5 Try a new solver with
E 30 » Potentially degraded asymptotic
o .
£ o5 quality But,
é 0. » with faster decrease and cheaper
3 elementary iteration
2 15
£
£ 10-
[
o
o 5. .
less efficient
0O 20 40 60 80 100

Number of iterations

Source: Fr. Bonne PhD defense
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Trade-offs Which solver? Which updating strategy?
Solver based on integrating stiff ODEs

mpin [Jo(p)] under g(p) <0

. J

Embed constraints in cost

( 1)

min  [J(p)] := [Jo(p) + pmax{0, g(p)}?]

Solve the stiff ODE

: [8J
p:

()]

Consequence

20 iterations are possible (instead of 10 for QPOASES)

M. Alamir, Process Control'15, Slovak Republic, June 2015 On Trade-offs Governing RT-Implementation of MPC 26 / 37



Comparison between RT-performances of QPOASES and ODE-solver

Turbine (K)

Itérations

o
-
-
Scénario
'S
(=1
(=]

1 4 200
0 _Lm L
0 5 10 15 20 0 5 10 15 20
temps (minutes) temps (minutes)

QPOASES unlimited
QPOASES limited to 10 iterations
ODE-solver limited to 20 iterations

Source: Fr. Bonne PhD defense
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Trade-offs Which solver? Which updating strategy?

Why ?
. Cost (OL) 0 Maximum constraints violation
10 e : =
) 9 ‘ —— 10
106
q
104 - 1 - L] \.
p Mean constraints violation
) TT 1T T T
—e—x10
4(
29
0 : 0-0-0-0-6—0060 104 E— e
100 10t 10° 10t
Normalized computation power Normalized computation power

QPOASES / ODE-solver

Source: Fr. Bonne PhD defense
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Trade-offs Which solver? Which updating strategy?

Why 7 available power available power
. COL’C (oL) 0 Maximum |constraints violation
10 — ‘ =
q . (< ——x10
= 30 ——x1
106 20

f
|

104 DYV 0\"“‘

Mean constraints violation

6 106

—e—x10 || &
49 —=x1 {3 h:

S 10°F e
29 . i 0-0-6-0-60—6—6—0—0¢
0 ' 19 96-g-0. 2-0-0-0-0—0-00 104 L L L1
100 10! 10° 10t
Normalized computation power Normalized computation power

QPOASES / ODE-solver

Source: Fr. Bonne PhD defense
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Trade-offs

Which solver? Which updating strategy?

Why 7 available power available power

CoLt (OL)‘

108

Maximum [constraints violation

— 40,4
ac —o—x10
30 «1

o

108

i M

p Mean constraints violation
D T TTTT T T

f

—e—x10 || & Bl

49 —-—xl {3 L ]

S 105 F 4

2( | e " SN o
0 1| I 1l 11

100 10*

Normalized computation power putation power

[QPOASES is better in an ideal world . .. !j
QPOASES / ODE-solver

Source: Fr. Bonne PhD defense
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Trade-offs Which solver? Which updating strategy?

Why 7 available power available power
OL [ODE—soIver is better HERE]
o Cost (OL) [ Maximum [constraints violation
10 ‘ ‘ = ‘ 0
——x1
108
q
104 - | - [ \. =%
p Mean cofstraints violation Cost (CL)
- x10) q
49 —e—x1 ]

/

0 [ o9e-g-o. 2-0-0-0-0—0-00 104 L J L L1
100 10! 10° 10t
Normalized computation power Normalized computation power

QPOASES / ODE-solver

Source: Fr. Bonne PhD defense
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Trade-offs Which solver? Which updating strategy?

Why 7 available power available power
[ODE—solver is better HERE]
Cost (OL Maximum [constraints violation
108 ( )‘ / 0 Hramts
q 30 —e—x10
R 30 ——x1
108
q
4 p 0 o€
10 i ] =
¢ _Mean cofjstraints violation 100 Cost (CL)
D TTTT T T T T T TT T
- x10) » & E|
49 —-—xl {3 L ]
S 105 F 4
2 B f )-::::: o—60—o—0-¢
0 1| I J 1l 11

100 10*

Normalized computation power putation power

[QPOASES is better in an ideal world 'j
QPOASES / ODE-solver

Source: Fr. Bonne PhD defense
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Trade-offs Which solver? Which updating strategy?

Regarding the Solver Choice

\

1) In RT-MPC, what does matter is the Arithmetical
Complexity and not the Analytical Complexity®.

2) In RT-MPC, what does matter is the Transient Be-
havior and not the Asymptotic Behavior.

Arithmetical Number of elementary operations
Analytical Number of iterations

/\@ 1 Y.Nesterov. Introductory lectures in convex optimization 2004

- J

M. Alamir, Process Control'15, Slovak Republic, June 2015 On Trade-offs Governing RT-Implementation of MPC 29 / 37



Trade-offs Which solver? Which updating strategy?
Updating Scheme For a Given Solver

4 )

Assume that a solver S has been chosen . ..

Is there any remaining choice 7

M. Alamir, Process Control'15, Slovak Republic, June 2015 On Trade-offs Governing RT-Implementation of MPC 30



Trade-offs Which solver? Which updating strategy?

What is the optimal 7, for a given solver?

ES(1,) > D(1,)?

ES(TU)

M. Alamir, Process Control'15, Slovak Republic, June 2015 On Trade-offs Governing RT-Implementation of MPC 31 /



Trade-offs Which solver? Which updating strategy?

What is the optimal 7, for a given solver?

ES(1,) > D(1,)?

ES(TU)
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Trade-offs Which solver? Which updating strategy?

What is the optimal 7, for a given solver?

ES(1,) > D(1,)?

Given S, how to adapt 7,7

ES(TU)

M. Alamir, Process Control'15, Slovak Republic, June 2015 On Trade-offs Governing RT-Implementation of MPC 31 /



Trade-offs Which solver? Which updating strategy?

Updating 7, is a control problem ...!

prp1 = ST (pT %))

M. Alamir, Process Control'15, Slovak Republic, June 2015 On Trade-offs Governing RT-Implementation of MPC 32 / 37



Trade-offs Which solver? Which updating strategy?

Updating 7, is a control problem ...!

prp1 = ST (pT %))
xer1 = F(xe,U(0, pr))
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Trade-offs Which solver? Which updating strategy?

Updating 7, is a control problem ...!

Pk-+1 _ ,_-( Pk T)
X/(+]_ sy 'y
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Trade-offs Which solver? Which updating strategy?

Updating 7, is a control problem ...!

Pk+1 _ ,_-( Pk T)
Xk+1 xi )"

y = J(px,xk)
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Trade-offs Which solver? Which updating strategy?

Updating 7, is a control problem ...!

7zt = F(z,1y)
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Trade-offs Which solver? Which updating strategy?

Updating 7, is a control problem ...!
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Trade-offs Which solver? Which updating strategy?

Updating 7, is a control problem ...!

_ow |
zt = F(z,w,7,) y
. Tw y = J(2)
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Trade-offs Which solver? Which updating strategy?

Updating 7, is a control problem ...!

_ow
zt = F(z,w,7,) y
Tu y = J@)
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Trade-offs Which solver? Which updating strategy?

Updating 7, is a control problem ...!

_ow
zt = F(z,w,7,) y
Tu y = J@)

Complexity: (5+, 5%, 5+ and 1log)

\{l M.A. ECC (2013)

M. Alamir, Process Control'15, Slovak Republic, June 2015 On Trade-offs Governing RT-Implementation of MPC 32



Trade-offs Which solver? Which updating strategy?

— , —
/[q = 2 without adaptatlonj ~

Output Evolution Control Evolution

S

K0 20 40 60 80 100 0 20 40 60 80 100
Evolution of ¢ s Evolution of ap
3 oX 10
25
0
2
-2
1.5
1 -4
0 20 40 60 80 100 0 20 40 60 80 100
\_ Time Time )

\q MA, ECC (2013)
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Trade-offs Which solver? Which updating strategy?

/[q = 100 without adaptationw
J )
) Output Evolution Control Evolution
; : :
Al 05 A
i
| 0
i
A 0.5 Y
) 7
K0 20 40 60 80 100 0 20 40 60 80 100
Evolution of ¢ 10 Evolution of ap
101 4 :
100.5 2
100 0
99.5 2
% 20 40T' 60 80 100 * 20 40T' 60 80 100
ime ime
\ J

\@ MA, ECC (2013)

M. Alamir, Process Control'15, Slovak Republic, June 2015 On Trade-offs Governing RT-Implementation of MPC 33 / 37



Trade-offs Which solver? Which updating strategy?

/[q(o) = 2 with adaptation}

) Output Evolution Control Evolution
‘ 1
0.5
ol
-0.5
) -1
“0 20 40 60 80 100 0 20 40 60 80 100
Evolution of ¢ s Evolution of ap
10
30 : 2
20 1 0 i “ul*
10 2
0 : -4
0 20 40 60 80 100 0 20 40 60 80 100
\_ Time Time )

\fﬁ MA, ECC (2013)
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Trade-offs

/[q(o) = 100 with adaptation

W

Which solver? Which updating strategy?

J

, Output Evolution Control Evolution
1
1 05
] ok
0511 ’
-1
K0 20 40 60 80 100 0 20 40 60 80 100
Evolution of ¢ 10° Evolution of ap
100 2
0
50 1
-2
0 -4
0 20 40 60 80 100 0 20 40 60 80 100
\_ Time Time )

MA, ECC (2013)

M. Alamir, Process Control'15, Slovak Republic, June 2015

On Trade-offs Governing RT-Implementation of MPC 33 / 37




About certification

Certification bound

The integer N(p© s Bemporad and Patrinos  (2012)
integ (P, €) Richter et al. Automatica (2012)

: Jones et al. (2012)
9P, %)= J (PP, xi)| < € | ma (2015)

for all i > N(p(®,¢).

-
\
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About certification

Certification bound

The integer N(p© s Bemporad and Patrinos  (2012)
integ (P, €) Richter et al. Automatica (2012)

: Jones et al. (2012)
9P, %)= J (PP, xi)| < € | ma (2015)

for all i > N(p(®,¢).

-
\

When available

[N" of iterations (q) < guaranteed precision (e)]

M. Alamir, Process Control'15, Slovak Republic, June 2015 On Trade-offs Governing RT-Implementation of MPC 34 / 37



About certification

Certification bound

The integer N(p© s Bemporad and Patrinos  (2012)
integ (P, €) Richter et al. Automatica (2012)

: Jones et al. (2012)
9P, %)= J (PP, xi)| < € | ma (2015)

for all i > N(p(®,¢).

-
\

When available

[N" of iterations (q) < guaranteed precision (r)]

Easier to include in stability
analysis
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Certification bound

The integer N(p© s Bemporad and Patrinos  (2012)
integ (P, €) Richter et al. Automatica (2012)

: Jones et al. (2012)
9P, %)= J (PP, xi)| < € | ma (2015)

Reminder — Arithmetical/Analytical Complexity

for all i > N(p(®,¢).

s

When available

[N" of iterations (q) < guaranteed precision (e)]
Easier to include in stability
analysis
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Certification bound

The integer N(p© s Bemporad and Patrinos  (2012)
integ (P, €) Richter et al. Automatica (2012)

: Jones et al. (2012)
9P, %)= J (PP, xi)| < € | ma (2015)

Reminder — Arithmetical/Analytical Complexity

for all i > N(p(®,¢).

s

When available . :
Solver certification

[N" of iterations (q) < guaranteed precision (e)] +
MPC Certification

Easier to include in stability
analysis

On Trade-offs Governing RT-Implementation of MPC 34 / 37
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About certification

e 7
Solver
Certification
- J
e R
Hardware
Performance
=
P
Ideal Stability MPC
Characteristics Certification
=
P
Uncertainty
Level
- J
e 7
Current Guess
Quality
= J
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About certification

e 7
Solver
Certification
- J
e R
Hardware
Performance
=
P
Ideal Stability MPC
Characteristics Certification
=
P
Uncertainty
Level
- J
e 7
Current Guess
Quality
= J

MA. From Certification of Algorithms To Certified MPC. NMPC2015, Seville.
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About certification

e 7
Solver
Certification
- J
s N e N
Hardware A
Lh.s of (35
Performance
L ) 1172¢(q)
P

Ideal Stability MPC Y rhs of (31)
Characteristics Certification :
L ! r.h.s of (35)
- oK 3
Uncertainty
Level PN ——r &
. J N\ J
' 7
Current Guess
Quality
= J

MA. From Certification of Algorithms To Certified MPC. NMPC2015, Seville.
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About certification

G Conclusion )

Certified Real-time MPC needs Co-Design approach involving:

» Carefully chosen Certified

» Carefully designed

» Carefully chosen facility
» Carefully characterized and set-point
» Carefully chosen

%Remember! MPC was first successful, theory only followed .. ]—/
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About certification
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